I present a cluster Monte Carlo algorithm that gives direct access to the interface free energy of Ising models. The basic idea is to simulate an ensemble that consists of both configurations with periodic and with antiperiodic boundary conditions. A cluster algorithm is provided that efficently updates this joint ensemble. The interface tension is obtained from the ratio of configurations with periodic and antiperiodic boundary conditions, respectively. The method is tested for the 3-dimensional Ising model.
Introduction
The interfaces of 2D and 3D Ising models at temperatures below the bulk critical temperature T c have been studied as models of interfaces separating coexisting phases of fluids. There are also relations to lattice gauge theory: The surface tension of the 3D Ising model is equal to the string tension of the 3D Z 2 gauge model which is dual to the 3D Ising model.
While in the 2D case a number of exact results have been obtained, Monte Carlo simulations play a major role in the study of 3D systems. Recently a number of simulations employing various methods have been performed to determine the surface tension of 3D and 4D Ising models [1, 2, 3, 4, 5, 6] , while in ref. [7] the string tension of the 3D Z 2 gauge model is studied.
As the temperature T increases towards the critical temperature T c , the reduced surface tension σ = τ /β, where τ is the surface tension and β the inverse temperature, vanishes according to the scaling law
where t = (T c − T )/T c , and σ 0 is the critical amplitude of the reduced interface tension. Widoms scaling law [8, 9] µ = (D − 1)ν (2) relates the universal critical exponent µ to the critical exponent of the correlation length ξ = ξ 0 t −ν .
In a recent Monte Carlo Renormalization Group study of the 3D Ising model on a simple cubic lattice [10] β c = 0.221652(4) and ν = 0.624 (2) have been obtained, while ǫ-expansion predicts ν = 0.630(2) [11] . The experimental [12, 13, 14, 15] value for µ is µ = 1.26(1), consistent with Widoms scaling law. Ratios of critical amplitudes should also be universal due to the scaling hypothesis [16, 17] . Experimental results for various binary systems are consistent with R + = σ 0 (ξ
[ 15] , where ξ + 0 is the critical correlation length amplitude in the high temperature phase.
An interesting question is the relation of the surface tension with the correlation length of a system with cylindrical geometry, i.e. a system on a lattice with extension L × L × T , where T ≫ L. Recently, Borgs and Imbrie [18] gave an exact derivation of the finite size behaviour of the correlation length of discrete spin systems in a cylindrical geometry. They claim that for sufficiently large couplings the properties of the system are given by an effective 1D model, where the diagonal parts of the transfer matrix are given by the free energies of the pure phases, while the off diagonal elements are determined by the surface tensions between the different phases. For the 3D Ising model this leads to the relation
A semiclassical instanton calculation [19] however predicts
where c depends on the temperature and is not equal to 1. In order to understand this discrepancy I compared the correlation length of an 1D Ising model with 2β eff = F s ,
where F s is the reduced surface free energy, with the correlation length measured in ref. [2] for 3D Ising cylinders. The correlation length ξ of a 1D Ising model is given by
where v = exp(−2β). For large β one gets approximately
This paper is organized as follows. First I explain the model with periodic and antiperiodic boundary conditions. I discuss how one can get the surface tension from observables of a system which includes the boundary conditions as dynamical variables. Then I present a cluster algorithm which is suitable for the simulation of such a system. Finally the numerical results will be given and compared with recent Monte Carlo studies employing other methods.
The Model
I consider a simple cubic lattice with extension L in x-and y-direction and with extension T in z-direction. The uppermost layer of the lattice is regarded as the lower neighbor plane of the lowermost plane. An analog identification is done for the other two lattice directions. The Ising model is defined by the Hamiltonian
When periodic (p.) boundary conditions (b.c.) are employed, then J <ij> = 1 for all nearest neighbor pairs. When antiperiodic (a.p.) boundary conditions are employed, then J <ij> = −1 for bonds < ij > connecting the lowermost and uppermost plane of the lattice, while all other nearest neighbor pairs keep J <ij> = 1.
The Surface Tension
I consider a system that allows both periodic and antiperiodic boundary conditions. The partition function of this system is given by
The fraction of configurations with antiperiodic boundary conditions is given by the ratio Z a.p. /Z ,
An analogous result can be found for periodic boundary conditions. Now we can express the ratio Z a.p. /Z p. as a ratio of observables in this system.
In the case of a surface with fixed position, the surface free energy is given by
where F p. and F a.p. are the reduced free energies of the systems with periodic and antiperiodic boundary conditions, respectively. If we assume that there is no interface in the system with perodic boundary conditions and exactly one in the case of antiperiodic boundary conditions, we can take into account the entropy due to the free position of the interface in T direction by adding ln T ,
We get a more appropriate description for finite systems if we take into account the occurance of several interfaces, an even number for periodic and an odd number for antiperiodic boundary conditions. If we furthermore assume that these interfaces do not interact we get an improved expression
for the surface free energy. If we resolve this equation with respect to F s,i we get
4 The Algorithm I shall now describe an efficent algorithm to update the above explained system, where the type of boundary condition is a random variable. The simplest way to alter the boundary conditions is to propose a change of the coupling J <ij> of sites in the uppermost plane with sites in the lowermost plane from 1 to −1 or vice versa in a single Metropolis step. With high probability most of the spins s i and s j have the same sign in the case of periodic boundary conditions and different sign in the case of antiperiodic boundary conditions. Hence the acceptance rate of such a Metropolis step will be extremely small. This simple algorithm does not take into account that the physical interface can be built anywhere in the system and, what is even more important, that the interface wildly fluctuates close to the critical point.
The cluster algorithm is the natural candidate to find the physical surface structure. First one goes through the lattice and deletes the bonds with the standard probability [20, 21] 
Then one searches for a sheet of deleted bonds that completely cuts the lattice in z-direction. If there is such a sheet the spins from the lowermost plane up to this sheet are flipped. This is a valid update, since the bonds in the sheet are deleted and the value of J <ij> s i s j for i in the lowermost and j in the uppermost plane is not changed when we alter the sign of J <i,j> and s i . In my simulations I alternate this boundary flip update with a standard single cluster update [21] .
Numerical Results
I simulated the 3D Ising model on a simple cubic lattice with boundary conditions as dynamical variables at β = 0.223, 0.224, 0.2255, 0.2275, 0.2327 and 0.2391. For most of the simulations lattices of size L × L × T with T = 3L were used. In order to check for the T -dependence of the results at β = 0.2275 also simulations with T = L/2, L, 2L were performed. The statistics of the simulations was 100000 times one single cluster update [21] plus one boundary flip update throughout. I measured the energy
the magnetization
and the type of boundary condition (b.c.) after each pair of single cluster plus boundary flip update. These data are used to calculate the energy density of the system with periodic boundary conditions
where n labels the measurements, and N is the number of measurements.
The mean square magnetization of the system with periodic boundary conditions is
and the surface energy density
The results for these quantities are summarized in table 1. For parameters where the fraction of configurations with antiperiodic boundary conditions is large the value for the surface energy is not reliable, since many of the configurations contain more than the minimal number of interfaces. A strong dependence of SE on L is visible.
Starting from the fraction of configurations with antiperiodic boundary conditions < δ b.c.,a.p. > the reduced surface free energies F s and F s,i are determined following eqn. (15) and (17), respectively. The results are summarized in table 2. For F s ≥ 6 the difference between the two definitions F s and F s,i of the surface energy is smaller than the statistical errors. At β = 0.2275 I investigated the dependence of the surface free energy on T . One can observe that F s,i remains constant within errorbars for L = 10, 12 and 14 starting from T = L. T = 3L seems to be safe not to spoil the results.
Using Similar to the surface energy the values of F s /L 2 and F s,i /L 2 which I give in table 2 displays a strong dependence on the lattice size. It seems difficult to extract the infinite L limit of the surface tension from these numbers. Motivated by free field theory (in ref. [5] we demonstrate that the long range properties of an interface in the rough phase of a 3D Ising model is well described by a massless free field theory), I tried to fit the surface free energy according to the Ansatz
It turned out that the data fit very well to this Ansatz. The results of the fits are given in table 3.
Starting from the σ's given in table 3 I did several fits to test the scaling law σ = σ 0 t µ . I used two different definitions for the reduced temperature, t 1 = (β − β c )/β c and t 2 = (T c − T )/T c . In both cases I used β c = 0.221652 given in ref. [10] . Remember that t 1 and t 2 are equivalent in the first order of a Taylor series around T c . The results are given in table 4 and table 5 . One can observe that is neccesary to go even closer to the critical temperature to overcome the ambiguity in the definition of the reduced temperature t. Taking into account this systematic errors I get as an estimate for the critical exponent µ = 1.24 (3) .
In order to get a better estimate for the critical amplitude of the surface tension σ 0 I used the results of ref. [10, 11] for ν combined with the scaling relation µ = 2ν and determined
from single measurements of σ. The results are given in table 6. Taking into account the uncertainty in the value of ν a final estimate σ 0 = 1.5 ± 0.1 seems reasonable. Using the estimate ξ + 0 = 0.4783 ± 0.0004 of ref. [22] I get R + = 0.34 (2) . Taking into account the deviation from the mean value of the results for the various binary alloys quoted in ref. [15] my result is well consistent with experiment and most of the recent Monte Carlo simulations [25, 2, 3, 7] . Since I have surface tensions for more β values and β's closer to the phase transition as the references quoted above I improved the control on finite t effects. One should mention that ealier results of Monte Carlo simulation [23] and analytic calculations [24] were about 30% below the experimental value.
Let me finally comment on the performance of the algorithm. The autocorrelation times were of order 1 in units of the combined single cluster plus boundary flip update for all simulations quoted above. The simulation of the largest system (36×36×108) took 84h on an IBM risc station 6000. The drawback of the method is its limitation to small surface free energies. For F s > 9 the fraction of configurations with antiperiodic boundary conditions becomes smaller than 1% and hence it is hard to get a sufficient statistic of configurations with antiperiodic boundary conditions. A solution of this problem might be found in a combination with multicanonical methods. But the most naive proposal of this kind, just to introduce a chemical potential that makes the antiperiodic boundary conditions more probable, fails. The flip from periodic boundary conditions to antiperiodic boundary conditions is allowed only if there is a sheet of deleted bonds in the system that cuts the lattice. The chemical potential just forces the system to stay longer with antiperiodic boundary conditions after such a flip. Hence the statistics of boundary flips is even reduced.
Conclusion
I presented an effective method to determine the surface tension of Ising systems. It should also be applicable to other discrete spin models. The method allowed to obtain the surface tension very close (T = 0.994 T c ) to the critical temperature with a high accuracy. The mass of the cylindrical 3D Ising system due to tunneling turned out to be given to a very good accuracy by the mass of an 1D Ising model with 2β eff = surface free energy, which is consistent with the prediction of ref. [18] . But the finite size behavior of the surface free energy of the rough interface is well described by F s = C + σL 2 leading to the prefactor predicted in ref. [19] .
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